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Abstract
Transformers have achieved state-of-the-art performance in most common tasks to which 
they have been applied. Those achievements are attributed to the Self-Attention mecha-
nism at their core. Self-Attention is understood to map the relationship between tokens of 
any given sequence. This exhaustive mapping incurs massive costs in memory and infer-
ence time, as Self-Attention scales quadratically with regard to sequence length. Standard 
Self-Attention has required increasingly large compute and memory usage when applied 
to long input sequences because of this memory and time bottleneck. Efficient Transform-
ers emerged as performant alternatives demonstrating good scalability and occasionally 
better tracking of long-range dependencies. Their efficiency gains are obtained through 
different methods, usually focusing on the linear scaling of the attention matrix through 
sparsification, approximation, or other methods. Among existing approaches, those using 
low-rank approximation present particular advantages because of their compatibility with 
standard Self-Attention-based models, allowing for weight transfers and other time-saving 
schemes. More recently, hardware-aware versions of Self-Attention (e.g., FlashAttention) 
have mitigated all memory bottlenecks and have alleviated its compute burden. Unfortu-
nately, hardware-aware Self-Attentions have stricter hardware compatibility requirements 
making Efficient Transformers still relevant for use on older or less powerful hardware. 
Furthermore, some Efficient Transformers can even be applied in an hardware-aware man-
ner to further improve training and inference speed. In this paper, we propose a novel lin-
ear approximation method for Self-Attention inspired by the CUR approximation method. 
This method, proposed in two versions (one leveraging FlashAttention), is conceived as a 
drop-in replacement for standard Self-Attention with weights compatibility. Our method 
compares favorably to standard Transformers’ and Efficient Transformers’ performances 
on varied tasks and demonstrates a significant decrease in memory footprint as well as 
competitive performance in training speed, even compared to similar methods.
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1  Introduction

Transformers (Vaswani et  al. 2017) have continually demonstrated in recent years their 
ability to achieve state-of-the-art (SOTA) performance in most tasks to which they are 
applied. They have, in all aspects, supplanted their predecessor, the Recurrent Neural Net-
works (RNN). In contrast with the sequential nature of the RNNs, the fundamental building 
block of any Transformer, the Self-Attention mechanism, is based on highly parallelizable 
computations. Self-Attention is considered a mapping of the relationship between tokens of 
an input sequence. The weak inductive bias of Transformers makes them uniquely agnostic 
to input types if an adequate tokenization procedure is applied to the original input (Doso-
vitskiy et al. 2020). It is, however, a double-edged sword that makes them perform poorly 
in data-starved scenarios, and often makes unsupervised or self-supervised pretraining an 
essential step to attain SOTA performance.

Despite their many advantages, one main drawback can be found in the very nature of 
Self-Attention as an exhaustive mapping of token relationships. An increasing amount of 
tasks demand longer and longer context. This increase of the context for Transformers is 
achieved by simply increasing the size of the input sequence. For any input sequence of 
length n, the attention matrix computed during inference is of size n × n . Attention, there-
fore, scales quadratically with regard to input length, incurring a memory and time com-
plexity of O(n2) , which is a problem for long sequences. This quadratic complexity entails 
that most of the cost in time and memory of Transformer models when used in real-world 
tasks are attributable to the Attention matrix and not the trainable weights.

To alleviate this obvious performance bottleneck, the field of Efficient Transformers 
(ET) has emerged. All ETs endeavor to linearize the cost of Attention by computing only 
part of it, approximating it, or reworking its underlying mechanisms.

We differentiate 3 main groups of methods: Fixed pattern methods, learned pat-
tern methods, and approximation methods. In the following work, we focus on the latter 
method for its overall performance, its ability to be seamlessly integrated into existing 
models, and the potential compatibility of the trained weights with standard Self-Attention 
Transformers.

More recently, FlashAttention (Dao et al. 2022; Dao 2023) has solved the memory foot-
print problems of Transformers and has introduced huge increases in training and inference 
speeds. Those methods suffer from the way they leverage specific hardware features by 
limiting their compatibility to more recent GPU architectures.

In this paper, we propose two implementations of a Self-Attention approximation 
method of O(n) complexity in time and memory. One implementation leverages FlashAt-
tention and the recent advances in GPU architecture, and another better fits the constraints 
of old GPU architecture. The method computes only a small fraction of the original Atten-
tion matrix through the selective multiplication of tensors in the Keys and Queries ten-
sors. Although only part of the Attention matrix is computed, the method endeavors to 
recreate missing data through the use of a method inspired by the CUR matrix approxima-
tion method (Drineas et al. 2007), which uses a subset of columns, rows and the Moore-
Penrose pseudo-inverse of the intersecting matrix to approximate a large matrix. We pro-
pose a new architecture, named CURformer architecture to achieve competitive or superior 
results compared to similar methods on various tasks that include input types of varied 
lengths, such as in the Long Range Arena (LRA) benchmark (Tay et al. 2020). We observe 
also good potential from this approach for fine-tuning from existing pre-trained weights 
and direct deployment without further training. We conceived this approach as a method 
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readily interoperable with standard Self-Attention, which aims to increase efficiency in 
speed and memory compared to standard attention while demonstrating better long-range 
dependency tracking in long sequences.

The contributions of our work are as follows:

•	 We propose an efficient Self-Attention mechanism. The approach, inspired by the CUR 
approximation method, demonstrates a notable decrease in memory footprint and in 
latency.

•	 We implement a hardware-aware version of our method which is faster than Flash-
Attention 2

•	 We empirically demonstrate that (1) our proposed approach yields competitive results 
to similar approaches on varied tasks; (2) our method is efficient in the context of fine-
tuning from standard Self-Attention models and their pre-existing trained weights.

•	 We show that our Self-Attention approximation method demonstrates some trained 
weights compatibility without retraining or fine-tuning especially when paired with 
exponential moving average augmented Self-Attention.

2 � Related work

Efficient Transformers have been an active field of research, their aim is to alleviate the 
main bottlenecks of Transformers. We will quickly explore related work in the domain of 
ETs.

Sparsification of Attention is a common approach that limits the tokens over which 
Attention operates. Methods with simple fixed patterns such as Blockwise Attention (Qiu 
et al. 2019), Local Attention (Parmar et al. 2018), Strided Patterns Attention (Beltagy et al. 
2020), as well as a combination of fixed pattern methods such as Axial Attention (Ho et al. 
2019), Sparse Attention (Child et al. 2019) are good illustrations of this approach.

Extensions of the aforementioned approach are the learnable patterns methods that 
introduce token relevance for the purpose of assigning tokens to buckets or clusters, the 
Routing Transformer (Roy et al. 2021) uses k-mean for clustering, Reformer (Kitaev et al. 
2020) a hash-based token similarity score to achieve similar clustering dynamics and learn 
patterns. Unexpectedly a reintroduction of recurrence from their defunct predecessor is 
used in some ETs to connect blocks (Dai et al. 2019).

Finally, the domain of low-rank and kernelized methods that uses approximation 
methods pre-Attention or on Attention itself. Using the kernel trick, the Performer model 
(Choromanski et  al. 2020) avoids computing the n × n Attention matrix. Linear Trans-
former (Katharopoulos et al. 2020) and Random Feature Attention (Peng et al. 2021) use 
similar kernelization methods to accomplish their linearization of Attention. The Nyström-
former (Xiong et al. 2021) is based on the Nyström approximation method. Through what 
can be viewed as a mean pooling operation along the Queries and Keys vectors, it creates 
landmark vectors of lower dimensions. With a fixed number of landmarks, Attention com-
plexity increases linearly with sequence size. Dynamic Bilinear Low-Rank Attention (Qin 
et al. 2022) employs approximation methods pre-Attention to compress the projected Que-
ries and Keys vectors which are used in standard Attention to generate the full-scale Atten-
tion matrix, hence achieving a reduction in Attention size. The Singularformer (Wu et al. 
2023) model trains small neural networks to learn the singular value decomposition of the 
Attention matrix to create a linear Self-Attention method.
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Beyond Attention adaptations, work has been done on other facets of Transformers to 
increase efficiency. The Mega (Ma et al. 2022) model adds biases in the Attention matrix 
and uses exponential moving average (EMA) on the input to propagate context and add bias 
to the input sequence, which allows for great accuracy in benchmarks with fewer Attention 
heads. In their MegaChunk version the EMA is used to bridge the context between chunk 
of the input sequence allowing for a decrease in the size of Attention.

Methods using rotary positional encoding like the YaRN (Peng et al. 2023) method are 
used to train models to generalize beyond the sequence length in their pre-training. This 
allows for training on shorter sequences and for a smaller amount of training steps. Finally 
methods like LoRA (Hu et al. 2021) focus on the low-rank adaptation of trainable weights 
in the model instead of attention. In the context of fine-tuning it lessens the training time 
and the amount of trainable weights to update.

It is important to note that we do not consider methods that do not modify Self-Atten-
tion to be competing methods, because their approach can be combined with ours, like our 
tests with MEGA will attest in later sections.

Our approach fits squarely within the low-rank category, with a particular emphasis on 
pushing the efficiency of the model and exploring weight compatibility.

3 � Background

3.1 � Self‑attention

Self-Attention is usually understood as a mapping of the learned relationships between 
tokens of a sequence. More formally, the input sequence is projected into embedding 
spaces through learnable weights forming the Keys (K), Queries (Q), and Values (V) 
matrices.

Attention can be defined as follows:

Integrated into the full Self-Attention mechanism as illustrated in the following:

with WQ,WK ,WV the weight matrices where WQ,WK ,WV ∈ ℝ
n×d , n the sequence length 

and d the embedding dimension. As defined in Eq.  2, Attention includes a mapping of 
similarity score between each projected token in Q and K with each other, in the form of 
A ∈ ℝ

n×n . This exhaustive context mapping requires the multiplication of Q and K of size 
n × d , which is a process of O(n2) complexity in time and memory.

3.2 � CUR approximation method

As represented in Fig.  1, the CUR method Drineas et  al. (2007) approximates a low 
rank matrix A through the creation of three matrices C, U+ , and R. They are composed 
of a subset of columns (C), as well as a subset of rows (R) from the matrix A, and the 
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(2)SelfAttention(QWQ,KWK ,VWV ) = AVWV ,
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Moore-Penrose inverse Penrose (1955), (also called pseudoinverse) of the matrix U ( U+ ) 
defined as the intersection of C and R. By computing the product of the C, U+ , and R matri-
ces, we can then reconstruct an approximation of the original matrix.

The method is often used as a dimensionality reduction method that captures parts of 
the original data. It also aims to preserve the structure of the data by selecting columns and 
rows with high statistical significance. Finally, because all elements in the CUR method are 
sampled from real elements of the matrix to approximate, findings or metrics computed on 
these elements can relate directly to the original data from the matrix, allowing for great 
interpretability of any results.

Not all those advantages are directly transferable to our method. Due to the absence in 
memory of the matrix to approximate, because the goal is not to compute a matrix of O(n2) 
complexity, the statistical significance of columns and rows is unknown before selection. 
The row-wise application of the Softmax activation functions also obfuscates the direct 
correlation between the columns of the original matrix and the C matrix in our approach.

In this sense our method is more so inspired by the CUR method as opposed to a direct 
application of the method to Self-Attention.

4 � Attention approximation

As illustrated in Fig.  2, through the multiplication of Q and K̂T we can obtain a matrix 
composed of a subset of selected columns from matrix QKT . Similarly, by multiplying Q̂ 
to KT we obtain a matrix composed of a subset of selected rows from matrix QKT . We 
obtain C and R by applying a row-wise Softmax activation function to both previously 
mentioned matrices. U is composed of a subset of rows of C. We obtain RV through the 
matrix multiplication of R and V. U+ is obtained through the application of an iterative 
Moore-Penrose inverse algorithm to tensor U. To obtain the output we simply compute 
the following matrix multiplication: CU+RV  . In all implementations, RV is computed and 
available throughout the CUR process. To get the closest output to standard Self-Attention, 
and because RV contains a subset of rows of AV, we can put rows of RV at the correspond-
ing indices in the output. This can allow for a marginal decrease in the overall approxima-
tion error between the output from our method and Self-Attention at a negligible cost.

4.1 � Softmax scaling

Before the use of the Softmax activation function, the CUR method could be 
applied without compromising the approximation of QKT . However, the independent 

Fig. 1   CUR approximation 
method as traditionally applied to 
a big matrix to reduce memory 
utilization but keeping inter-
pretability and the underlying 
structure of the original data. 
With columns in C, rows in R 
and U+ the pseudoinverse of U 
the intersection of C and R 



	 Machine Learning         (2025) 114:139   139   Page 6 of 20

application of the Softmax activation function to QK̂T and Q̂KT , respectively subsets 
of columns and rows of QKT , is an obstacle to a good approximation. In standard Self-
Attention, the Softmax activation function is applied row-wise to QKT to obtain the 
final Attention matrix A as shown in Eq. 3.

In the case of Q̂KT being rows of QKT , after the application of Softmax, the resulting 
matrix R is an exact replica of rows of A. However, with C, the row-wise application of 
Softmax creates columns that cannot be exact replicas of the corresponding columns of A. 
As described in Eq. 3 the Softmax function normalizes all values in the row of the affected 
matrix. All resulting values are between 0 and 1 and their row-wise sum equals 1. Applied 
to rows of differing lengths in C and A it introduces a scaling mismatch. However, we find 
through experimentation (cf. Section 6), that it is an acceptable inaccuracy for the purpose 
of approximating A using our method.

The same problem arises with U. If created from the intersection of QK̂T and Q̂KT , 
the row-wise application of Softmax would result in a similar scaling issue as in C. To 
get an adequate U, truly replicating elements of A, U could be created from elements 
of R with correct corresponding values. However, we experimentally verified that the 
only way for our method to generate adequate approximations of A is to maintain simi-
lar scaling in C and U in the axis to which the Softmax activation function is applied. 

(3)Aij =
exp (

�
QKT

�
ij
)

∑n

k=1
exp (

�
QKT

�
ik
)

i, j ∈ 1, 2, ..., n

Pseudo-
Inverse

T

Fig. 2   CUR inspired method for Self-Attention linearization. Selected rows from Q are represented in red 
and selected columns from K are in blue. The green rows of Xout are the corresponding rows of RV (Color 
figure online)
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Hence, as illustrated in Fig.  2, U is created from row selections on the softmaxed C 
tensor.

4.2 � Complexity analysis

For the complexity analysis of our Self-Attention approximation method (henceforth 
identified in tables, graphs, and figures with the prefix or suffix CUR), we need to 
compute it for the column and row selection, the computation of C, U, and R, the 
Moore-Penrose inverse, and matrix multiplications. Computations and selections all 
start, as in standard Attention, from the Queries, Keys and Values tensors all of them 
of size n × d with n the input sequence length and d the per-Attention head embedding 
size. Selecting m arbitrary rows and columns in the Queries and Keys tensors, incurs a 
time complexity of O(md). C and R share a similar time complexity of O(nmd) for the 
matrix multiplication and O(nm) for the Softmax operation, giving a final complexity of 
O(nmd). U can be extracted from C in O(md). Following the pseudoinverse calculation 
in Xiong et  al. (2021), the reported complexity is O(m3) . The matrix multiplication for 
RV is in O(mnd), and U+RV  is computed in O(m2d) . The final matrix multiplication has 
a complexity of O(mnd) and copying the rows of RV into the output is in O(md). Using 
each individual complexity analysis gives a total of O(3md + 4nmd + m2d + m3) which 
reduces to O(nmd + m2d + m3) in time complexity. In terms of memory, we need to store 
the matrices Q̂ , K̂ , C, U, R, RV, U+RV  as well as the index list for a total complexity of 
O(md + md + mn + m2 + nm + md + md + m) which is O(nm + m2 + md) . We can observe 
that when we choose a fixed number of selected columns and rows m such that m << n and 
that by convention Dao (2023), d << n , the complexity of our method is now O(n). In the 
following section we endeavour to empirically confirm this complexity analysis by using 
two different implementations of our method in ideal conditions stripped of extraneous 
factors.

5 � Implementation

5.1 � Attention approximation with Pytorch

To explore the approach we start with a Pytorch version to maintain compatibility with 
legacy hardware.

The implementation described in Algorithm 1 creates the Q̂ and K̂ matrices as separate 
from Q and K, as depicted in Fig. 2, despite the fact that they are simply a subset of rows 
and columns. Hence copying redundant data in memory to be able to compute C and R. At 
the end of the forward pass, Q̂ , K̂ , C, R, U, U+ , RV, U+RV  , and the output are all resident in 
memory simultaneously.

The main advantage of this implementation compared to competing methods is that it 
uses a subset of already existing matrix data used for standard Attention without any need 
for additional computations.
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Algorithm 1   CUR Attention

5.2 � FlashAttention approximation with Triton

We investigate the applicability of our method to the hardware-aware paradigm. To do this, 
we implemented a version of approximated FlashAttention with Triton (Tillet et al. 2019) 
to determine whether the same performance gains can be achieved as with the Pytorch 
implementation. Our custom FlashAttention is composed of three custom Triton ker-
nels and makes use of the same iterative pseudo-inverse algorithm used in our Pytorch 
implementation.

Hardware-aware Attention, known as FlashAttention (Dao et al. 2022) and its follow-up 
version FlashAttention 2 (Dao 2023), use custom kernels to compute A and its Softmax, 
as well as its matrix multiplication with V in the SRAM. It endeavors to avoid the need to 
store any Self-Attention data in VRAM and to fuse the Softmax operation to the matrix 
multiplication operations in SRAM, reducing memory hit rates and dramatically decreas-
ing its overall computation cost. We take inspiration from the kernels found in FlashAtten-
tion 2 for our implementation.

As shown in Algorithm 2, there is no need to store Q̂ , K̂ , C and R in VRAM. Hence 
we have only RV, U, U+ , U+RV  , and the output resident in memory at the end of the for-
ward pass. Each kernel in Algorithm 2 fuse matrix multiplication and softmax kernels to 
increase computation speed and decrease memory footprint in the VRAM.

Algorithm 2   CUR FlashAttention

As represented in Fig. 3 the first kernel computes RV containing selected rows from AV. 
The second kernel computes U with the correct scaling of values mentioned in Sect.  4, 
and outputs U to the VRAM. For the iterative pseudo-inverse resulting in U+ and its 
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multiplication to RV, no fused computations are necessary, hence we use the default matrix 
multiply functions of Pytorch to obtain U+RV  . The last kernel computes C and its matrix 
multiplication with U+RV .

5.3 � Self‑attention approximation Vs standard self‑attention (latency and memory)

We now empirically compare the latency and the memory footprint of our Pytorch and 
hardware-aware methods to Self-Attention and FlashAttention. To that end, we benchmark 
all of them in ideal circumstances. All extraneous layers, normalizations, or processes oth-
erwise unrelated to Self-Attention have been stripped to measure the difference in speed 
and memory consumption between each method with minimal interference of other 
parameters.

Experimental Protocol: We instantiate a Transformer block with 16 Attention heads 
and a dimension per head of 64. To benchmark the speed and memory consumption of both 
methods, we create random tensors as input in batches of 64 sequences. We use sequences 
of 1024, 2048, 3072, and 4096 elements. For our method, we select 32, 64, and 128 indices 
from Q and K, with 6 iterations to compute the pseudoinverse.

The speed benchmark loops 100 times as a warm-up and executes both standard Atten-
tion and our approximated Attention 1000 times. Average latency and the average allocated 
memory during processing in Fig. 4.

Results: The results in Fig.  4 illustrate the quadratic cost in latency and memory 
caused by the increase in sequence size with Self-Attention. Quadrupling the sequences’ 
size causes an increase of an order of magnitude in the latency and memory footprint of 
Self-Attention. In contrast, our method scales linearly with regard to sequence size, in both 
latency and memory, confirming the complexity analysis in section 4.2.

Fig. 3   Details of our approximated FlashAttention implementation with memory transfers visualization
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The results in Fig. 4 also indicate that, though not as pronounced as with the Pytorch 
implementation, the latency difference between FlashAttention and our method is still 
present. Both follow their expected behavior; FlashAttention while faster than standard 
Self-Attention still suffers from a quadratic increase in inference time when the length of 
the sequence increases. Our method also follows the same linear increase as the Pytorch 
implementation when sequences’ lengths increase. We can observe that our method is only 
slower than FlashAttention when 128 indices are selected on the sequence of length 1024. 
Finally, we can see that memory consumption between FlashAttention and the FlashAt-
tention approximation method is of the same order of magnitude. Our version, as seen in 
Fig. 3, stores more tensors in VRAM. However, their size increases linearly with the input 
sequence size hence the approximated FlashAttention method, although slightly heavier in 
memory consumption, keeps the linear characteristics of FlashAttention.

6 � LRA benchmark

Finally, we train multiple versions of our method on LRA to evaluate its performance com-
pared to various ETs, as well as to evaluate the performance differences between every 
selection method when trained from scratch. The LRA benchmark (Tay et  al. 2020) has 
been conceived as a way to evaluate the ability of models, most commonly ETs, to track 
long-range dependencies between tokens of a long sequence. The benchmark traditionally 
assembles six tasks:

•	 ListOps (1 K tokens) (Nangia and Bowman 2018)
•	 byte-level text classification (2 K tokens) (Maas et al. 2011)
•	 byte-level document retrieval (4 K tokens) (Radev et al. 2009)
•	 image classification on pixel-level sequences (1 K tokens) (Krizhevsky 2009)

Fig. 4   Average Latency in ms (in log scale) and Memory allocated in Bytes (in log scale) for FlashAtten-
tion, Self-Attention and their approximated versions with a selection of 32, 64, or 128 indices depending on 
sequence size, for a batch of 64
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•	 Pathfinder (1 K tokens) (Linsley et al. 2018) with Pathfinder-X its very long sequence 
variant (16 K tokens) (Tay et al. 2020)

Experimental protocol: We compare our approach to various ETs using different lineari-
zation methods from sparsification, to kernelization and low-rank approximation that are 
more similar to ours. We also include the results of the exponential moving average and 
gated Attention model Mega, and its variant Mega-chunk (Ma et al. 2022).

The aforementioned tasks propose input sequences with lengths ranging from 1 K to 16 
K tokens. We align our model configuration with Nyströmformer (Xiong et al. 2021), our 
closest relative in the ET family of models, to be able to more accurately compare results. 
We consider, for the LRA benchmark, a 2 layers and 2 Attention heads configuration, with 
an embedding dimension of 64 for the Attention layer and an embedding dimension of 
128 for the Feed Forward Network (FFN) layers. A selection of 64 indices is adopted as a 
baseline, again to more closely align with Nyströmformer. To obtain results in Table 1 with 
a Transformer model using our method (here referred to as CURformer) we run 5 experi-
ments with random seeds and report the average accuracy.

We also note that our approach can be adapted to suit the MEGA architecture. The 
MEGA architecture introduces a variant of the standard Self-Attention layer using expo-
nential moving average and gated Attention. However, the Attention matrix is present and 
compatible with our approach, hence we were able to create an approximated version of 
MEGA (here referred to as MegaCUR). Below we report results on trained versions of this 
modified version of MEGA and in the context of direct deployment to gauge the weight 
transfer compatibility, we report results on the evaluation of the model with trained weight 
transferred from the original MEGA model.

We test, on the LRA benchmark, selection methods based on the following per row cri-
teria in Q and K: sum, absolute value, embedding, constant step and random. These selec-
tion methods are described in more details in Sect. 7.1. 

Table 1   Comparison of results on the LRA benchmark. Higher is better. The first part of the table reports 
results from different ETs and a standard Transformer. The results of Mega-based architectures are in ital-
ics. Best results are in bold. Best Mega-based models’ results are in italics and bold

Models ListOps Text Retrieval Image Pathfinder Avg

Transformer 37.11 65.21 79.14 42.94 71.83 59.24
Local Attention 36.1 60.2 76.7 40.6 66.6 56
Sparse Transformer Child et al. (2019) 17.07 63.58 72.53 44.24 71.71 53.83
Linear Attention Katharopoulos et al. (2020) 38.8 63.2 80.7 42.6 72.5 59.6
Performer Choromanski et al. (2020) 36.8 63.6 82.2 42.1 69.9 58.9
Linformer Wang et al. (2020) 35.70 53.94 77.83 38.56 76.34 56.47
Luna- 256 Ma et al. (2021) 37.98 65.78 79.56 47.86 78.55 61.95
DBA Qin et al. (2022) 38.10 66.25 80.64 46.51 79.56 62.21
Nyströmformer 37.15 65.52 79.56 41.58 70.94 58.95
FlashAttention 37.6 63.9 81.4 43.5 72.7 59.3
CURformer 39.62 66.79 78.58 45.71 73.07 59.01
Mega 63.14 90.43 91.25 90.44 96.01 88.21

Mega-chunk 58.76 90.19 90.97 85.80 94.41 85.66
MegaCUR​ 61.05 90.19 90.41 79 84.41 75.84
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Results: We note that results in Table 1 are compiled from different sources (Qin et al. 
(2022), (Ma et al. 2022), Tay et al. (2020)) and different implementations. Standard Trans-
former and ETs in the first block are using original LRA hyperparameters (Tay et al. 2020). 
Nyströmformer uses a smaller architecture, described in Xiong et al. (2021) that we repro-
duced for our models. Mega and Mega-chunk use bigger models (in the sheer number of 
trainable parameters) than the standard one described in the original LRA paper to achieve 
the results reported in Table  1. Our results are obtained with the Abs selection method 
which is the best among all selection methods, as seen in Table 4.

As established in Table 1, our method compares favorably with similar methods on the 
LRA benchmark, achieving parity or better results. We also observe state-of-the-art results 
among non-Flash models, in Table 2, amounting to a speed-up of 6.65 in training time and 
a reduction of 91% in memory usage compared to a standard Transformer. The Flash ver-
sion of our model achieves a state-of-the-art 11.3× speed-up and a 92% reduction in mem-
ory footprint. With our MegaCUR model, we find a 6.5 times speed-up and 84% reduction 
in memory usage while keeping most of the performance of MEGA.

Our CUR-modified MEGA model delivers results competitive with MEGA on Lis-
tOps, Text, and retrieval which all use a Softmax activation function in the MEGA gated 
Attention mechanism. The MEGA architecture uses the Laplace activation function for the 
Image and Pathfinder tasks. We applied our approach to this version as well. During train-
ing some numerical instability arises when the learning rates are too high. This instabil-
ity constrains the performance of the model on the Image and Pathfinder tasks, leading to 
overfitting problems. We find that results cannot match the original MEGA results with 79 
in accuracy in the Image task and 84.41 in Pathfinder without the optimal learning rates.

In Table 3, we report the results of direct transfer from Mega to MegaCUR on ListOps, 
Text, and Retrieval tasks. The accuracy results are on par with the MEGA version with its 
standard moving average gated Attention. Image and Pathfinder are absent because direct 
deployment does not work with the Laplace activation function, we discuss the potential 
causes of this incompatibility in Sect. 9.

Table 2   Comparison of speed 
and peak memory usage. For 
speed higher is better, and for 
memory lower is better. The 
scores of Mega-based 
architectures are in italics. Best 
scores are in bold. Best Mega-
based models’ scores are in 
italics and bold

Models Speed ↑ Peak 
memory 
usage ↓

Transformer 1× 1×

Local Attention 5.3× 0.14×
Linear Transformer 5.6× 0.11×
Performer 5.7× 0.11×
Linformer 5.5× 0.10×
Luna- 256 4.9× 0.16×
DBA 6.1× 0.09 ×
Nyströmformer 5.6× 0.09 ×
FlashAttention 2.4× 0.08×
CURformer 6.65× 0.09×
FlashCURformer 11.3× 0.08×
Mega 2.9× 0.31×
Mega-chunk 5.5× 0.13×
MegaCUR​ 6.5× 0.16×
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Results in Table 4 seem to indicate that attempts to target rows in Q and K to reliably 
increase the quality of the approximation do not bear consistently better results compared 
to the random baseline. This seems to indicate that all the factors accounted for in Sect. 7.1 
and their impact on the approximation quality are compensated by training from scratch on 
the dataset.

7 � Approximation analysis

To gauge the ability of our method to approximate the output of Self-Attention we compare 
the output of an Attention block using Self-Attention to the output of one using our method. 
We aim to ensure the comparison is done under realistic circumstances, to that end we use 
a Vision Transformer (Dosovitskiy et al. 2020) and the ImageNet- 1k dataset (Russakovsky 
et al. 2015).

7.1 � Ablation study

We aim to perform extensive tests accounting for many factors which can impact the 
quality of the approximation.

The selection problem: In the absence of guarantees of approximation quality (i.e., 
since we do not compute A), multiple indices selection schemes were implemented to 
evaluate their impact on the approximation quality.

Because we aim to approximate Self-Attention through the selective computation of 
rows and columns of A, the targeting of rows of Q and K which would result in rows and 
columns of A with the highest coefficients is the most obvious approach.

The goal is then to bias selection towards salient elements of A without sacrificing 
inference time to compute exhaustive metrics on its rows and columns.

Table 3   Result of direct transfer from Mega to MegaCUR. Transfer is only possible for the tasks where 
Softmax is used in the Self-Attention of Mega. Best results are in bold

Models ListOps Text Retrieval

Mega 63.60 90.51 91.40

MegaCUR Transfer 63.1 90.53 91.24

Table 4   Results of each method to select rows and columns in Q and K (cf. Section 7.1) on LRA, averaged 
over 5 runs. Best results are in bold

Selection Sum Abs Embedding Step Random

ListOps 38.99 (± 0.63) 39.62 (± 0.62) 38.63 (± 0.49) 39.27 (± 0.59) 39.8 (± 0.80)
Text 66.7 (± 0.06) 66.79 (± 0.26) 66.75 (± 0.11) 66.15 (± 0.22) 66.55 (± 0.23)
Retrieval 79.12 (± 0.57) 78.85 (± 0.64) 79.20 (± 0.60) 79.45 (± 0.83) 79.21 (± 0.62)
Image 44.68 (± 0.48) 45.71 (± 0.87) 45.76 (± 1.49) 45.12 (± 0.50) 45.47 (± 1.37)
Pathfinder 72.61 (± 0.01) 73.07 (± 0.008) 73.04 (± 0.006) 72.55 (± 0.009) 72.90 (± 0.00)
Avg 58.68 59.01 58.90 58.76 58.99



	 Machine Learning         (2025) 114:139   139   Page 14 of 20

To do so we implemented 5 simple selection methods.

•	 Sum: Top-m selection on the row-wise sum of elements in Q and K, with m the number 
of indices to select.

•	 Abs: Assuming the amplitude of the values in Q and K is more important than their 
sign, we implement a Top-m selection on the row-wise sum of the absolute value of 
elements in Q and K.

•	 Embed: Top-m selection of the values found in one column of the embedding dimen-
sion of Q and K.

•	 Step: Slice of Q and K with a step defined as the result of the integer division n∖m , with 
n as the input sequence size and m as the number of indices to extract.

•	 Random: Selection of random indices in Q and K.

The mode of selection: The selection mode describes the way the indices are selected in Q 
and K. The options are to select the same indices in both or different indices in each tensor.

The linearization ratio: The number of selected indices, more precisely the ratio 
between this number and the size of the input sequence, will also have an impact on the 
quality of the approximation.

The pseudoinverse iterations: The quality of the approximation can be affected by the 
accuracy of the pseudoinverse, which is directly correlated with the number of iterations of 
the pseudoinverse algorithm.

The classification token: Finally, classification models such as ViTs use a trainable 
class token that aims to distill relationships between the tokens of the input sequence. In 
our method, constraining the selection of said token can have a great impact on the fidelity 
of the approximation and the resulting accuracy of the model.

Experimental protocol: The Vision Transformer base model contains 12 layers, 12 
heads, with a hidden size of 768, and a total of 86 M parameters. Said model has been 
pre-trained on ImageNet- 21k and fine-tuned on ImageNet- 1k. We instantiate 2 versions, 
respectively, with standard Self-Attention and our method. The model using our method 
inherits the pre-trained weights of the original model. Both are fed a subset of the valida-
tion set of ImageNet- 1k, 5 images per class, accounting for a tenth of its total size, i.e. 
5000 images. We cross-reference all described parameters and their influence on the accu-
racy of the model. To do a purely quantitative assessment of the outputs of both models we 
use a metric defined as

With Oattention and Ocur the respective output tensors of each Self-Attention layer in both 
models. We compute this metric from the output of all Attention layers of the model during 
inference on the dataset. This metric is further contextualized by establishing its level of 
correlation with a known metric, the top- 1 accuracy of the model.

Results: In Fig.  5, we measure the impact of the selection method, the size of the 
selection and the selection of the class token on the accuracy of the model. With a 
baseline performance from the original Transformer of 83.9% accuracy, we can see 
that the best score of our approach is within 6% of the baseline performance in a direct 
deployment scenario. All the best scores are obtained using the class token selection. 
Steps 128 and 64 achieve scores of respectively 77.5% and 72.3%. Random 128 and 
64 obtain the best scores of 76.8% and 66.7%. In direct deployment, the decrease in 
the number of indices selected has a massive impact on the accuracy of the model. The 

(4)MEAN(||Oattention − Ocur
||)
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absence of the class token has an impact on performance that varies from a 5% decrease 
in performance for Sum 128 to a 50% decrease for Abs 16.

Figure 6 details the impact of the number of iterations of the pseudoinverse algorithm 
on the most performant models for all selection types. In every case, 4 iterations are 

Fig. 5   Comparison of the impact 
of different selection parameters 
on the Top- 1 accuracy on Ima-
genet- 1k. Results are grouped by 
selection type, with varying num-
ber of selected tokens indicated 
by colors. Blue for 128, Red for 
64, Green for 32 and Yellow for 
16. The forced inclusion of the 
Cls Token is represented by the 
darker colors. All the selection 
methods indicates a similar trend, 
and show an increase in the score 
with an increase in the number 
of selected tokens. Forcing the 
inclusion of the Cls token is also 
always an improvement (Color 
figure online)

Fig. 6   Comparison of the impact of different selection parameters on the Top- 1 accuracy on Imagenet- 1k. 
Results are grouped by selection type, with varying number of iterations of the pseudoinverse algorithm 
indicated by colors. Blue for 1, Red for 2, Green for 4, Cyan for 6 and Yellow for 8. We compare two modes 
of selection with the Same indices selected for Q and K represented by the darker colors against lighter 
for different selected indices. All the selection methods take advantage of the"Same"selection mode, with 
improved accuracy. The number of pseudoinverse iteration appears to be a sensitive parameter, with a great 
decrease in score when it is too high or too low. 4 iterations giving the best results on Imagenet (Color fig-
ure online)
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the optimal choice. The mode of selection also has an impact, ranging from a marginal 
impact to a halving of the performance of the model.

Figure 7 plots the accuracy with respect to the average difference of Self-Attention out-
put with our method. There is a threshold beyond which the error is low enough to har-
ness the pre-trained weights to obtain increasingly good accuracy. Before reaching that 
threshold, almost no increase in accuracy is recorded. Below an error of 0.4, the correlation 
between both metrics becomes linear until the model reaches an accuracy close to 78%.

8 � Fine‑tuning

To reclaim some of the lost accuracy we can fine-tune the model using our method starting 
from the pre-trained weights mentioned in Sect. 7.

Experimental Protocol: We keep the ViT model configuration found in Sect. 7. The 
model is instantiated with the standard Self-Attention model’s pre-trained weights. Our 
Self-Attention approximation method is used in all the Transformer’s layers. We further 
fine-tune this model on the ImageNet- 1k dataset – a one-thousand-class version of the 
ImageNet dataset containing 1.3 million images in its training set. The model is trained 
for 1532 steps using a batch of 64 images. This short training accounts for a fraction of the 
training set; the model is exposed to 98048 randomly selected images of the 1.3 million 
total images in the training set. We use this fine-tuning protocol not to obtain optimal per-
formance, but to illustrate the low compute and time requirements to significantly increase 
accuracy results when transferring weights from a standard model. The evaluation score 
is computed on the full 50000 images of the validation set. The parameters of our Self-
Attention method are the following: step selection with 4 iterations of the pseudoinverse 
and selection size of 16, 32, and 64.

Results: The average top- 1 accuracy, when fine-tuning on a subset of ImageNet- 1k is 
presented in Table 5. For each index selection amount, the model improves its accuracy. 
The more aggressive the linearization, the greater the accuracy gained. CUR-ViT-B16 - 384 
step 16 more than doubles its accuracy in the same amount of training as CUR-ViT-B16 
- 384 step 64 gains 7% in accuracy. The results from this very fast and simple fine-tuning 

Fig. 7   Top- 1 accuracy against 
average difference of Self-Atten-
tion output and approximated 
Self-Attention output from all 
layers of the network
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show that the loss in accuracy from the approximation after a weight transfer can be greatly 
decreased with low compute and time costs.

By combining the memory footprint and latency decrease with weight compatibility in 
the context of finetuning, all the advantages of our approach can stack up, allowing for a 
dramatic decrease in the time and compute necessary to perform any given task.

9 � Discussion

Limitations: The performance of the approximation method is found in its ability to select 
relevant data from the embedded sequences in Q and K to reconstitute a good approxi-
mation of the output of standard Attention. However, the linear characteristics of the 
approach are derived from that approximation method and a selection of a constant number 
of columns and rows regardless of input sequence length. Hence, beyond a certain ratio 
of selected elements to the total sequence length and applied to complex tasks, requiring 
exhaustive context tracking, the method’s performance will decrease drastically. Moreover, 
the results included in the main figures of the paper do not account for the best scores on 
all tasks. The approach is sensitive to many parameters in the column selection process; 
to get the best results possible for any given task, any user would need to explore those 
parameters to adapt the method to said task. This adds complexity to the real-world use 
of the method. The selection problem is still a contentious one. A less empirical and more 
mathematically formal approach to the problem might prove useful in finding selection 
methods with approximation guarantees.

The application of approximation schemes to non-Softmax Attention matrices is rarely 
explored in the existing literature, mostly due to the overwhelming use of Softmax in 
standard Transformers. We explored the capabilities of our approach in this context. Some 
numerical instability is present when our method is used in conjunction with the Laplace 
activation function. We hypothesize that this can be due to a cascading accumulation of 
approximation errors between the layers of the model. Softmax with its inherent normali-
zation characteristics is better suited to endure error accumulation from layer to layer. 
Indeed, although bounded between 0 and 1, the coefficients obtained through the Laplace 
activation function do not sum to 1 in each row of the Attention matrix, unlike with Soft-
max. That instability can, in part, explain the ability of the Softmax version to use pre-
trained weight without further fine-tuning unlike the Laplace version. However, we find 
that fine-tuning a model with pre-trained weight is possible with the Laplace activation 
function, which results in a better final accuracy (83.09) than training from scratch on the 
Image task in LRA.

Future work: An improved method using a variable or dynamic number of indices, 
selected per sequence in the batch dimension and per head in the multi-head Attention 
blocks, could allow for an increase in memory efficiency. Through algorithmic means 

Table 5   Top- 1 accuracy on 
Imagenet- 1k before and after 
fine-tuning of ViT-B16 with 
approximated Self-Attention. 
Best results are in bold

Models Weight Transfer Fine-tuning

CUR-ViT-B16 - 384 step 16 33.8 70.2
CUR-ViT-B16 - 384 step 32 57.8 75.47
CUR-ViT-B16 - 384 step 64 72.3 79.35
ViT-B16 - 384 83.9 83.9
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or learnable parameters, the method could identify the degree of linearization necessary 
to apply to any given input in both the above-mentioned dimensions. Because Attention 
seems to display patterns with different levels of abstraction and coherence depending on 
the depth of the Attention head, it is conceivable that as the pattern increases in coherence, 
fewer indices could be needed to obtain a good approximation of Attention. Further efforts 
in mitigating the instabilities found in Attention methods using non-Softmax activation 
functions can yield better results on a few tasks.

10 � Conclusion

Transformers have established themselves as state-of-the-art, and their increasing use on 
longer sequences has highlighted the need to mitigate their high compute and memory 
costs. The emergence of efficient Transformers in the past few years has seen multiple 
methods aiming to mitigate the massive cost in time and memory that would ensue. In 
this paper, we presented such a method inspired by the CUR matrix approximation algo-
rithm. Conceived as a drop-in replacement to standard Attention, it endeavors to efficiently 
approximate Attention while retaining the versatility of standard Attention. We demonstrate 
that it shows long-range dependency tracking ability on par or better than classical Trans-
formers and other similar efficient approaches, can use already available pre-trained weight 
for fine-tuning or transfer learning, and often attains competitive results, as well as allows 
for direct deployment with no additional training incurring some accuracy loss depending 
on task complexity. When combined with the Exponential Moving Average Gated Softmax 
Attention of the MEGA architecture, our approach maintains similar performance and suf-
fers no significant loss of performance in the context of weight transfer with no further 
training on the few tasks we tested. We harness our method’s similarity with standard Self-
Attention to create similar hardware-aware approaches to increase computation speed and 
further decrease its memory footprint. Our approximated FlashAttention implementation is 
faster than FlashAttention while mirroring its linear memory footprint.
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